Abstract. The paper at hand deals with the modeling of turbulence effects on the dynamics of a long slender elastic fiber. Independent of the choice of the drag model, a general aerodynamic force concept is derived on the basis of the velocity field for the randomly fluctuating component of the flow. Its construction as a centered differentiable Gaussian field complies thereby with the requirements of the stochastic k-turbulence model and Kolmogorov's universal equilibrium theory on local isotropy.
Introduction.
The understanding of fiber-fluid interactions is of great interest for research, development, and production in textiles manufacturing. In the melt-spinning process of nonwoven materials, hundreds of individual endless fibers obtained by continuous extrusion of a melted polymer are stretched and entangled by highly turbulent air flows to finally form a web. The quality of this web and the resulting nonwoven material depends essentially on the dynamics of the fibers.
Fiber-turbulence interaction is a complex phenomenon that is governed by many factors, including the nature of the flow field, turbulent length scales, concentration, and size of fibers [13] , [14] . Thin fibers decrease the turbulent intensity by increasing the apparent viscosity, whereas fibers whose thickness induces Reynolds numbers greater than some critical one intensify the turbulence due to vortex shedding [5] . Both mechanisms are strongly affected by the concentration. In the application considered here, however, the turbulence is not significantly influenced by the fibers. Hence, the turbulent flow is determined under neglect of suspended fibers, and its effect is theoretically studied on a single long slender fiber using a general drag model. The fiber dynamics is described in section 2 by the Kirchhoff-Love equations for the motion of a Cosserat rod capable of large bending deformations. In terms of these the fiber slenderness allows the formulation of a wavelike system of nonlinear PDEs of fourth order with the algebraic constraint of inextensibility. The behavior of this system relies on the model for the external force imposed on the fiber by the turbulent flow, particularly on the choice of the air drag coefficients. The modeling of a generally valid aerodynamic force in section 4 is based on the splitting of the flow velocity into mean and fluctuation parts in the Reynolds-averaged Navier-Stokes equations. Thus, a centered differentiable Gaussian field for the randomly fluctuating component of the flow velocity is derived under the Global-from-Local Assumption of underlying locally isotropic and homogeneous turbulence, given in section 3. The construction of the initial condition for the respective local double-velocity correlation tensors satisfies thereby Kolmogorov's universal equilibrium theory as well as the local distribution of kinetic energy k and dissipation provided by the stochastic kturbulence model. The dynamic behavior of the local correlation tensors is described by an advection equation, whose solution coincides with Taylor's hypothesis of frozen turbulence patterns. The temporal change of the global coherences is included by the averaging procedure. In section 4 the developed local velocity fluctuation fields hand their properties to the corresponding correlated local stochastic forces along the fiber. Gluing them together yields the global aerodynamic force that represents the turbulence effects on the fiber motion. Considering a wide class of feasible air drag models, the stated Global-from-Local Force Concept in combination with a linearization ansatz enables a good L 2 -and L ∞ -approximation of the correlated force by Gaussian white noise with flow-dependent amplitude in case of a macroscopic description of the fiber.
Fiber dynamics.
In the actual spinning process the fiber is endless, and its deposition plays a crucial role for the generation of the nonwoven material. However, as this paper focuses exclusively on the description of its dynamics due to the turbulent flow, the following considerations are restricted on a long slender elastic polymer fiber that is fixed at one end, suspended in a highly turbulent air stream. Let l denote its length and d its diameter with slenderness ratio δ = d/l 1. To describe its motion a one-dimensional model is derived on the dynamical Kirchhoff-Love theory for a Cosserat rod capable of large geometrically nonlinear deformations [2] .
Equations of motion.
Treat the fiber in the reference configuration as a body B given within a fixed Cartesian frame e 1 , e 2 , e 3 . Define p(z, t) to be the position of the material point z ∈ B at time t; then p(., t) states the actual configuration of the closure clB of B at time t. Introduce the curvilinear coordinates x := (x 1 , x 2 , s) ∈ R × R × [0, l] on B with s denoting the arc length. Then definep(x, t) := p(z(x), t), wherez assigns z ∈ cl B to each x. In particular,p(., ., s, t) describes the actual configuration of the cross section B(s) at time t.
The fiber model is now developed under the assumption that the position fieldp is determined by three vector-valued functions r(s, t), d 1 (s, t), and d 2 (s, t), i.e.,
where the fiber line r(s, t) might be interpreted as the actual configuration of the center line at time t and the orthonormal directors d 1 (s, t) and d 2 (s, t) state the orientation of the actual configuration of B(s) at time t. Additionally, let
In terms of these functions, the feasible deformations of the fiber, e.g., flexure κ 1 , κ 2 , torsion τ , shear w 1 , w 2 , and dilatation w 3 , are then expressed using the relations
According to Bernoulli's hypothesis that cross sections never experience warping as a consequence of deformation, the function j of (1) can moreover be prescribed by j(r, d 1 
Assuming the reference configuration B to be a homogeneous (with respect to the density distribution) cylindrical body with circular cross sections of constant radius, the linear and angular impulse-momentum laws for B read [2] ∂ s q + f = ρA∂ tt r, (2)
Here, ρ denotes density, A = πd 2 /4 cross-sectional area, and I = πd 4 /64 the moment of inertia. Closing the system by means of constitutive laws for inner force q and moment m as well as given outer line force f and moment l, the Kirchhoff-Love equations (2) and (3) yield the description for fiber line and directors r, d 1 , d 2 . The orthonormality of d 1 and d 2 thus reduces the number of unknowns to six. As no outer moment is acting on the fiber, l = 0.
Constitutive laws for elastic materials look in general like
We apply here, in particular, Bernoulli-Euler beam theory that the inner moment m arises due to bending and torsion,
with Young's modulus E, shear modulus G, and polar moment of inertia J = πd 4 /32. Moreover, we interpret q as a vectorial Lagrangian multiplier and impose instead of a material law for q the following constraints on d 3 and ∂ s r:
This excludes shear and extensional deformation from the model. The restrictions are reasonable for a long slender fiber because shear and elongation are negligibly small in comparison to bending.
Apart from this, the slenderness enables a further simplification of system (2), (3).
with negligibly small right-hand side as the slenderness ratio δ satisfies δ 1 and D = O (1) . Setting the right-hand side to zero, i.e., ∂ s m + ∂ s r × q = 0, (6) and using (5), we obtain ∂ s τ = 0. Consequently, the torsion over the whole fiber equals the introduced torsion at the ends, τ = τ 0 . Rewriting (4) 
where ∂ s d 3 represents the curvature vector ∂ ss r = κ n with κ = κ 2 1 + κ 2 2 and n a normal vector. Splitting the inner force q into tangential and normal parts with respect to the fiber position yields as a modified tractive force, q depends exclusively on fiber line r and scalar Lagrangian multiplier T , and thus two more degrees of freedom vanish, which is consistent with the removing of the unknown directors d i . Plugging
into (2), the dynamics of a freely swinging fiber that is fixed at one end (cf. Figure 1 ) is described by
for (s, t) ∈ (0, l) × R + with Dirichlet conditions at the fixed end (s = l) and Neumann at the free end (s = 0),
as well as appropriate initial conditions (t = 0), e. g., r(s, 0) = (s − l) e 3 , ∂ t r(s, 0) = 0.
The Neumann conditions might be interpreted as natural boundary conditions, and the ending s = 0 is free of stress. Thus, neither outer moment nor force are acting on it. Moreover, T (0, t) viewed as a tractive force vanishes. The Lagrangian multiplier T (s, t) is thereby related to the algebraic constraint (8) of conservation of length. The behavior of our fiber system (7), (8)-but definitely also of the original one (2), (3)-is strongly affected by the external line forces that arise due to gravitational (f grav = ρA g) and aerodynamic (f air ) forces. We prescribe the aerodynamic force as a function depending on arc length s, time t, and additionally on the fiber line r : [0, l] × R + 0 → R 3 in a functional sense. In this work, we initially introduce no twisting at the fiber ends, τ 0 = 0, such that (7) simplifies to a wavelike system of nonlinear PDEs of fourth order, if the feasible functional dependence of the aerodynamic force is localized on the fiber point, e.g., f air (r(.), s, t) = f air (r(s, t), ∂ s r(s, t), ∂ t r(s, t), s, t).
Air drag.
The description of the fiber dynamics in a turbulent flow relies essentially on the model for the aerodynamic force f air that is imposed on the fiber by the fluid. Neglecting the fiber influence on the flow, a dimensionless air drag coefficient c drag based on Reynolds (Re), Mach, and Froude numbers can be associated with f air [16] . If just frictional and inertial forces occur in the flow around the fiber, c drag is particularly determined by
with air density ρ air , fiber diameter d, and relative velocity between fluid flow and fiber v = u − ∂ t r. Thus, the magnitude of the line force is proportional to Bernoulli's dynamic pressure p = 0.5ρ air v 2 2 acting along d. In general, we characterize a feasible air drag model by a function f : R 3 × R 2 → R 3 , depending on a given velocity and a normalized direction. In this context, the aerodynamic force of (7) reads as
where the flow velocity u : R 3 × R + 0 → R 3 acts as outer input parameter to the fiber problem. However, as this instantaneous flow velocity is not available from a stochastic description of a turbulent flow, we derive a concept for a random Gaussian aerodynamic force in this work. Note that this concept utilizes exclusively the functional relation f and is hence generally applicable to a wide class of air drag models.
Model for a velocity fluctuation field.
Consider the flow to be subsonic, highly turbulent, with small pressure gradients and Mach number Ma < 1/3. Then it can be modeled as an incompressible Newtonian fluid using the incompressible Navier-Stokes equations (NSE). Solving NSE by means of direct numerical simulation (DNS) gives the exact velocity field needed for the determination of the force of (9). However, DNS presupposes the resolution of all vortices ranging from the large energybearing ones of length l T to the smallest, viscously determined Kolmogorov vortices of size η with l T /η = Re 3/4 [18] . Therefore, the number of grid points that are
required for the refinement of a three-dimensional domain is proportional to Re 9/4 . Despite the existence of recent high speed computers, DNS is thus still restricted to simple, small Reynolds number flow. Large eddy simulation (LES) as a combination of DNS and stochastic turbulence models offers an alternative. Applying a low-pass filter on NSE, only the vortices of large scales are resolved directly, whereas the small vortices are taken into account by a stochastic approximation of their effect on the larger ones [15] . However, for the relevant flow regime under consideration, LES also requires enormous computational capacity, due to very long run time and high memory demands. Because of neglect of the fiber influence on the flow, which leads to the decoupling of fiber and flow computation, the Reynolds number is here specified by the machine geometry and not by the fiber diameter. For the resulting high Reynolds number flow, the stochastic turbulence models represent a reasonable compromise between accuracy and computational efficiency [6] . They are based on the Reynolds-averaged NSE (RANS), where the instantaneous velocity u :
is expressed as the sum of a meanū and a fluctuating part u :
Applying in particular the standard k-model [12] yields a deterministic description of mean velocityū :
Hereby, the variables k and might be interpreted as parameters of an R 3 -valued differentiable random field representing the fluctuations
To conform to the notation of probability theory and turbulence literature, note that the mean E[u ] equals the averaged quantity u . Constructing a suitable fluctuation field requires the analysis of the turbulent behavior of the flow, which is characterized by means of statistical quantities, i.e., double-velocity correlations revealing spatial and temporal relations within a domain.
Definition 1 (velocity fluctuation field). Let (Ω, A, P) be a probability space. The velocity fluctuation field of a turbulent flow is said to be a centered
R 3 -valued random field (Φ x,t , (x, t) ∈ R 3 × R + 0 ) with Φ x,t ∈ L 2 (Ω, A
, P). Its correlation tensor reads
Classifying turbulence, we face shear turbulence in practice. Although it can be simulated via RANS models, this kind of flow is hardly understood. Physical interpreting and mathematical handling of the statistical quantities is extremely difficult. Therefore, it is helpful to consider approximations like homogeneous and/or isotropic turbulent flows. Isotropy obviously has a hypothetical character, but knowledge of its characteristics forms a fundamental basis for the study of actual, anisotropic turbulent flows. Certain theoretical considerations concerning the energy transfer through the eddy-size spectrum from the larger to the smaller eddies (i.e., forward-scatter) lead to the conclusion that the fine structure of anisotropic turbulent flows is almost isotropic (Kolmogorov's local isotropy hypothesis [8] ). Thus, many features of isotropic turbulence apply to phenomena in actual turbulence that are mainly determined by the fine-scale structure. Even if we consider the anisotropic large-scale structure of an actual turbulence, it is possible to treat such a turbulence, for purposes of a first approximation, as isotropic. The differences are mostly sufficiently small [10] . However, effects like back-scatter are not included. As velocity fluctuations in an isotropic flow are Gaussian [7] , we restrict ourselves to Gaussian flows that are uniquely determined by their correlation tensor. This motivates the following assumption.
Global-from-Local Assumption. Let (Ω, A, P) be a probability space. Let 
Note that the terminology used will be explained in the course of this section. The construction rule (12) enables the realization of a globally inhomogeneous and anisotropic turbulent flow on the basis of a very limited number of data stemming from general turbulence theory and specific, case-dependent k-simulations. So far, it is not clear at all whether such a differentiable turbulent field exists. The underlying local fluctuation fields w y,τ , which can be interpreted as fine-scale structure of the turbulence, satisfy Kolmogorov's local isotropy hypothesis as well as the local kinetic energy k and dissipation distribution of the k-model. Averaging their statistical parameters over a region M where the local stochastic quantities differ only slightly glues them together to the global fluctuation field u , the anisotropic large-scale structure. The respective global quantities k u and u are thus prescribed as averages of the hardly varying local ones. This is indicated by using the turbulent large-scale length l T and time t T . Presuming global homogeneity, the global and local quantities coincide and obey (10), (11), as desired.
In the following, we deal with the generation of the centered local fluctuation fields by modeling their correlation tensors. Therefore we skip the superscripts denoting the respective points. To determine the temporal behavior of the correlations, we first construct an initial condition for the correlation tensor satisfying the assumptions of homogeneity and isotropy as well as the requirements of the k-model and Kolmogorov's energy spectrum (sections 3.1-3.4). This initial condition meets the smoothness demands and guarantees the differentiability of the actual global field. Then we formulate an advection equation for the dynamics, whose solution coincides with Taylor's hypothesis of frozen turbulence (section 3.5). In section 3.6 we finally formulate the global fluctuation field as Ito-integral over the local fields, which yields the positive definite correlation tensor proposed in the Global-from-Local Assumption.
Locally homogeneous isotropic turbulence.
Definition 2 (homogeneous turbulence). Let (Ω, A, P) be a probability space. 
A turbulent flow is said to be temporally homogeneous if Γ is invariant regarding time shifts, i.e.,
Definition 3 (isotropic turbulence). Let (Ω, A, P) be a probability space. Let 
The correlation tensorγ corresponding to a local fluctuation field w,γ(x, t, y, τ) = E[w(x, t) ⊗ w(y, τ)], depends only on the spatial and temporal difference of its arguments due to homogeneity. Thus, we define
To derive the structure of the initial correlation tensor in the following, we focus now on
Properties of the Initial Correlation Tensor. The correlation tensor corresponding to a homogeneous isotropic turbulent flow has the following properties:
γ 0 (z) has two different eigenvalues: (18) c 1 (z) in z z and c 2 (z) in the respective normal plane,
Hereby, the symmetry of γ 0 , (16) , results directly from its definition and the permutability of the arguments (15) that is concluded from the translation and reflection invariance. Applying additionally rotation invariance yields (17) and (18) . The general form (19) is deduced from the spectral theorem using the eigenvalues of (18) .
The one-dimensional functions c 1 and c 2 ∈ C ∞ (R + 0 ) can be interpreted as longitudinal and lateral correlations [10] . In general c 1 = c 2 , but for z → 0 we have c 2 (z) → c 1 (z) → c, with c given in (17) .
As a turbulent flow contains a continuous spectrum of scales, it is convenient to introduce the spectral density M depending on the wave vector κ. Assuming absolute Lebesgue-continuity of the spectrum of the underlying fluctuation velocity field [4] , the spectral density M is the Fourier transform of the correlation tensor γ 0 ,
Then, the spectral energy distribution (energy spectrum) E is defined by
with κ = κ 2 , unit sphere S 2 , and unit vector e ∈ S 2 .
Properties of the Spectral Density. The spectral density corresponding to a homogeneous isotropic turbulent flow has the following properties:
Due to the Fourier relation (20), M inherits the isotropic property (13) from γ 0 and therefore has an analogous representation with the one-dimensional spectral functions e 1 , e 2 ∈ C ∞ (R + 0 ). The connection (23) between trace trM and energy spectrum E can be concluded from (21). Because of isotropy the sphere integral becomes S 2 tr(M(κe))de = 4π trM(κ).
In our case of an incompressible local flow field w, the presented characteristics and dependencies of correlation and spectral functions can be simplified, which halves the number of unknowns and results in a well-structured Sine-Fourier relation between c 1 and E.
Influence of Incompressibility on Correlations and Spectral Density. Assuming incompressibility, the following relation for the correlation functions c 1 and c 2 :
Moreover, the spectral functions e 1 and e 2 : R + 0 → R are given by
Relation (24) is concluded from the incompressibility using
and substituting (19) . Analogously to the correlation functions, the number of unknown spectral functions can be reduced to one. In particular, (25) is deduced by combining 0 = ∇ z · γ 0 (z) = i R 3 e iκ·z M(κ)κ dκ and thus M(κ)κ = 0 for all κ ∈ R 3 with (23).
For an incompressible isotropic and homogeneous turbulent flow, the correlation tensor γ 0 of second order can thus be expressed by the single one-dimensional correlation function c 1 . In particular,
Consequently, the whole local fluctuation velocity field is uniquely determined by c 1 , whose relation to E will be useful for the further realization of the initial correlations.
Relation between Correlation Function and Energy Spectrum. Let c 1 be the correlation function, and E the energy spectrum corresponding to an homogeneous, isotropic, and incompressible turbulent flow. This implies their finiteness over the whole definition range. Then the following relations are valid:
The Sine-Fourier relations follow from the respective connections of c 1 and E to the Fourier transforms γ 0 and M. Plugging (26) and (23) into
∞ 0 E(κ)/κ sin(κz) dκ and consequently, after some algebraic manipulations, (27).
Further Decisive Coherences. Further relevant relations between longitudinal correlation function c 1 and energy spectrum E are formulated as
By means of partial integration, (27) can be rewritten as
from which L'Hospital directly yields (29) and (30). Finally, the differentiability of a homogeneous Gaussian flow can be concluded from
According to [11] , equation (31) ensures the existence of an almost surely p-times sample differentiable modification, which we equate to the considered flow for purposes of an intuitive notation. As for our isotropic incompressible local flow field, the differentiability can thus be formulated as a requirement on the decay of the energy spectrum E by rewriting the volume integral of (31) with the help of (22) and (25) as
3.2. Parameters from the k -model. The kinetic turbulent energy k and the dissipation rate stemming from the k-turbulence model act as parameters for the differentiable local fluctuation fields. Presupposing an isotropic, homogeneous, and incompressible Gaussian flow, they can be expressed in terms of the correlation c 1 (resp., the energy function E).
As for , we consider E[∇w(x, t) ⊗ ∇w(y, t)] = ∇ x ∇ yγ0 (x, y) = −∇ z ∇ z γ 0 (z) with z = x − y. Thus, the dissipation reads as
and with (26) and the differentiability of c 1 ,
The
Kolmogorov's energy spectrum.
For the construction of the complete correlation function c 1 we need additional physical information about the flow, which can be gained from the energy spectrum E. The energy spectrum of isotropic turbulence was a well-studied topic of research during the last century (see references in [8, 10] ). In particular, Kolmogorov's work (1941) was trendsetting. Based on dimensional analysis, he derived not only the characteristic ranges but also the typical run of the spectrum which agree with later physical concepts and experiments [1] . In the following, we briefly state Kolmogorov's 5/3-law and his hypothesis of local isotropy.
By (21), the energy spectrum depends on the wave number κ. Moreover, observing that turbulence is strongly driven by the large eddies, E can certainly be expected to be a function of the length l T of the larger energy-containing eddies and the mean strain rate feeding the turbulence through direct interaction between mean flow and large eddies. Since turbulence is dissipative in the mean, it should additionally depend on ν and . Assuming a wide separation of energy (κ e ) and dissipation (κ d ) scales, Kolmogorov formulated the following.
Universal equilibrium theory (see [8] 
with characteristic wave number κ
The Kolmogorov length η is the smallest characteristic turbulence length. The second hypothesis yields Kolmogorov's 5/3-law,
with Kolmogorov constant C K . Here, C K = 0.5 is supposed to be an appropriate estimate according to the experiments of Yeung and Zhou [19] .
The form of the energy spectrum sketched in Figure 2 is also designed by Batchelor and Proudman [3] . They derived that E(κ) ∼ κ 4 for κ → 0, whereas Heisenberg [9] 
Initial local correlations.
Having provided the mathematical and physical fundamental ideas, we now model the initial correlation tensor of a local, homogeneous, L 2 -continuous, and differentiable Gaussian fluctuation field that satisfies the k-model and Kolmogorov's 5/3-law. For this purpose, we introduce an admissible underlying spectral energy distribution function.
Model for the Initial Local Correlation Tensor. Let (Ω, A, P) be a probability space. Let (w x,t , (x, t) ∈ R 3 × R +
) be the Gaussian velocity fluctuation field of an isotropic, homogeneous, and incompressible turbulent flow with w x,t ∈ L 2 (Ω, A, P). Let kinetic energy k and dissipation rate be constant. Construct the initial correlation function
where κ 1 and κ 2 are implicitly given by
The parameters are fixed as a 4 = 230/9, a 5 = −391/9, a 6 = 170/9, b 7 = 209/9,
) is differentiable and fulfills the requirements of the Kolmogorov's 5/3-law as well as these of the k-model,
According to (27), the presented nonnegative function E satisfies the requirements on a spectral energy distribution function. Furthermore, it coincides with the run of Kolmogorov's energy spectrum (35). The differentiability of the local flow field, i.e.,
, is ensured by the constructed decay of E(κ) ∼ κ −7 for κ → ∞. The information coming from the k-model is finally included in the defined moments of E on the basis of (33) and (34).
Alternatively, smoother variants of the piecewise composed energy spectrum are also imaginable for adapted regularity parameters a i and b j . However, E given by (36), (37) turns out to successfully satisfy our demands.
Summing up, the high Reynolds number flow under consideration is characterized by the flow quantities k, , ν in combination with the model for the energy spectrum, equations (36), (37). The flow quantities particularly determine the size of the characteristic energy ranges (energy bearing, inertial, and viscous) in Figure 2 by specifying κ 1 and κ 2 for fixed regularity parameters a i and b j . Note that, outside of the flow regime, the use of the k-turbulence model with the stated energy spectrum is questionable. However, the derivation of the initial local correlation tensor and the following general force concept require just the description of an appropriate spectral energy distribution that could alternatively be obtained by another turbulence model, e.g., LES.
Dynamics of local correlations.
The dynamics of a local correlation tensor γ might be described by an advection equation according to the observation that the decay of the mean properties is rather slow with respect to the time scale of the fluctuating fine-scale structures
coincides with Taylor's hypothesis of frozen turbulence [17] ; i.e., fluctuations arise due to so-called frozen turbulence patterns that are transported by the mean flow without changing their structure. Equation (38) completes the construction of the local correlation tensor γ. Consequently, we deal here locally with homogeneous, isotropic, incompressible turbulence moving with the mean flow velocityū, whose spectral energy distribution E fulfills the demands of the k-model as well as of Kolmogorov's universal equilibrium theory. 
where (W y,τ , (y, t) ∈ R 3 ×R + 0 ) represents a Wiener process (Brownian motion). Then the field of (39) satisfies the probability distribution, expectation, and covariance structure of the averaging procedure · in the Global-from-Local Assumption.
The global field results from linear superpositions of joint Gaussians and is thus also Gaussian. Due to the permutability of expectation and integration with respect to space and time following from Fubini's theorem, it inherits the centered property from the local fields, so that the constructed (u x,t , (x, t) ∈ R 3 × R + 0 ) satisfies the definition of a turbulent Gaussian flow. Additionally, it is differentiable. Its correlation tensor reads
By means of the Ito-calculus, the expectation of the dyadic product of the integrals can be expressed by
Plugging this relation into (40), we obtain the proposed covariance of the Globalfrom-Local Assumption for the in general inhomogeneous, anisotropic global flow
Due to its derivation from the random field of (39), Γ is undoubtedly a positive definite function, which is necessary for the numerical realization of u . The global quantities for kinetic energy k u and dissipation rate u are the averages over a region M where the local, RANS-based quantities k and differ only slightly. This region is determined by means of the turbulent large-scale length l T and time t T and under regard of the advective influence of the mean flow in (38):
In case of global homogeneity we achieve, in particular, the conformity of the global and local statistic quantities. Despite weakening the conditions on the global turbulent flow, Γ still keeps the correlation structure of the local fields. Let λ T be the turbulent fine-scale length; then γ y,τ
Thus, Γ states no wrong, absurd correlations.
General aerodynamic force concept.
In the course of this section, the aerodynamic force that is acting on the fiber is modeled on top of the RANS-based description for the turbulent flow. Thus, we introduce the mean relative velocitȳ v(s, t) =ū(r(s, t), t) − ∂ t r(s, t). Then,
) as a (generally nonlinear) function on the derived global fluctuation field u . However, the efficient numerical handling of this inhomogeneous construct (41) seems to be hopeless because of its complexity. Thus, we follow the Global-from-Local ansatz once more.
Global-from-Local Force Concept. Let f : (σ, τ ) . Then, the global aerodynamic force is constructed as a Gaussian,
family of homogeneous local aerodynamic forces that are imposed by local Gaussian velocity fluctuation fields on the locally linear fiber around the respective fiber points
and mean flow velocityū, turbulent large-scale length l T , and time t T as well as averaging brackets · defined analogously to (12) .
In analogy to the velocity fluctuations in section 3, this concept (42) realizes a Gaussian global aerodynamic force along the fiber on the basis of a family of homogeneous local random forces. Focusing on the construction of these forces, correlated local forces are deduced from the restriction of our derived Gaussian local velocity fields on the fiber in section 4.1. The proposed linearization approach of section 4.2 enables their approximation by Gaussian white noise with flow-dependent amplitude for a macroscopic description of the fiber. Therefore, L 2 -and L ∞ -similarity estimates are stated in section 4.3. In section 4.4 we finally present the corresponding correlated global aerodynamic force and its uncorrelated asymptotic limit.
Correlated local force. Define the family {(g
Presupposing a linear fiber around the point (σ, τ ), the centered local Gaussian velocity fluctuation fields of section 3 keep their homogeneous correlation structure for their respective restrictions on the fiber in (45):
Locally, for small spatial and temporal differences, the assumption of fiber linearity is reasonable, whereas for large ones, γ σ,τ f ≈ 0 anyway due to the decay of the correlations. By means of the transformation theorem of random variables, the homogeneous property is handed on g σ,τ for all feasible drag models f in (44). Indeed, the chosen drag model determines the probability distributions of g σ,τ that are in general not Gaussian. Averaging over the prescribed homogeneous local forces along the fiber in (42) results in a correlated global aerodynamic force that represents the turbulence effects on the fiber motion in (7) . Be aware that the stated Global-from-Local Force Concept generates here a functional dependence between f air and r, so that the fiber dynamics is not modeled by a system of PDEs as in the deterministic flow case of (9).
Linearization approach.
The numerical realization of the correlated Gaussian global aerodynamic force f air depends crucially on the determination of the probability distributions of g σ,τ , particularly on the computation of the integrals for expectation and covariance according to the definition of the averaging brackets · ; cf. (12) . The degree of difficulty is thereby mainly determined by the air drag model. For practical reasons, we hence propose a linearization ansatz for g σ,τ that yields Gaussian local forces
where the linear operator L f is induced by the air drag model f . The finite-dimensional distributions of g σ,τ cc are uniquely given by expectation and covariance, Define the family {((g Focusing on an arbitrarily chosen fiber point (σ, τ ), we skip the superscripts of the quantities in the following and deduce a formulation for the force amplitude D in terms of the manageable energy spectrum E of (21). Therefore, we presume the linear independence of fiber tangent t = ∂ s r and mean relative velocityv, so that they induce the intuitive choice of a right-hand orthonormal basis, i.e., t, n
Relation between Local Fiber Correlations and Spectral Quantities. Assume t andv to be linearly independent. Let γ f (ξ, ς) = γ 0 (ξt − ςv), (ξ, ς) ∈ R 2 , be the local velocity correlation tensor along the fiber. Then, its negative Fourier transform m = F γ f is expressed by the spectral density M of (20):
The integral correlations are prescribed by m(0, 0) = (2π)
where P t,n := t ⊗ t + n ⊗ n denotes the projector onto the plane spanned by t and n, andv n :=v · n.
Inserting the Fourier relation (20) for γ 0 and M into the definition of m and evaluating the two-dimensional integral over the exponential function yields relation (54). Using isotropy and incompressibility of M, (22) and (25), the dependence on the energy spectrum follows:
with κ = κ 2 . Consider the matrix m t,n,b that represents the tensor m in the (t,v)-induced basis, and substitute t · κ = κ t , n · κ = κ n , and b · κ = κ b . Integration over κ t and κ n then gives m t,n,b (0, 0) = (1, 1, 0) and, with the spectral theorem on the eigenvalues, the invariant form (55) 
Relation (57) results directly from (52) and (55). It allows the interesting observation that the uncorrelated local velocity fluctuation field z of (51) has no component in the binormal direction b of the fiber. The reason for this behavior is the incompressibility of the underlying flow field, since
due to (25) or, respectively, to (24) and partial integration. Proceeding with the general similarity estimates for the correlated and an uncorrelated local force, it is sufficient to study the effects of the centered local velocity fluctuation fields on a macroscopic fiber scale because of their linear relation, (47), (50). For this purpose, we consider the respective macroscopic velocity fields that are gained from spatially and temporally smoothing along the fiber, and compare their correlation tensors.
Let w f and z be a correlated and an uncorrelated local velocity fluctuation field. The introduction of the normalized spatial and temporal smoothing functions
2 , enables then the definition of two families of macroscopic velocity fields along the fiber:
with their correlation tensors
where
dφ are also normalized smoothing functions. Taking the convolution keeps the properties of the local fields so that W α and Z α are Gaussian, centered, and homogeneous for all smoothing parameters α ∈ (R + 0 )
2 . The Gaussian property follows thereby directly from the linear superposition of joint Gaussians. The centered and homogeneous properties are deduced by using the permutability of expectation and integration according to Fubini's theorem.
Choice of Smoothing Operators. Let the smoothing functions G α : 
be defined as products of spatial and temporal characteristic functions
The relation between F Hα and F H1 results directly from their definition by using
The derivation of the similarity estimates depends decisively on the behavior of the symmetric, nonnegative, differentiable function E : R 2 → R + 0 that is defined by means of the energy spectrum E,
It is radially decaying with maximum in the origin, i.e., max κ E(κ 1 , κ 2 ) = E(0, 0) and g(κ) := E(κ, aκ), κ ∈ R + 0 , strictly monotonically decreasing for a ∈ R. Similarity Estimates. Choose the smoothing functions G α :
2 , of (62) for the definition of the families of macroscopic velocity fields according to (58) and (59). Then the following estimates hold: L 2 -similarity:
The quantities E 0 = E(0, 0) and S = sup κ∈[0,1] 2 ∇ κ E(κ 1 , κ 2 ) 2 are defined by the energy moment of (64). Moreover,v t =v · t,v n =v · n, and c = 1 0
) is conserved under the Fourier transformation according to the Plancherel theorem as the operator : induces a scalar product in the l 2 -space. Using the fact that the Fourier transform of a convolution equals the product of the respective Fourier transforms then gives Inserting this relation into (67) and integrating over λ 1 and λ 2 cancels two Dirac functions. The other two vanish after choosing the (t,v)-induced basis. Applying (64) and (68) yields, withv t =v · t andv n =v · n = v − (v · t)t 2 > 0,
The latter calculation is based on the substitution κ 1 = α s ι 1 ,v t κ 1 +v n κ 2 = α t ι 2 , λ 1 = α s ι 1 , λ 2 = α t ι 2 and on the properties of the even smoothing functions (63). Positivity and radial decay of E induce the splitting of the integral in (69), The odd term vanishes by the integration. Using the equivalence of the integrand in the four quadrants, we obtain with (63) 2 . On the other hand, the energy difference in J R 2 \U can be estimated by its maximum E 0 due to the strict decay of E. The equivalence of the integrand in the quadrants leads then to 
where the integration interval of ι 1 in the second summand is replaced by R + 0 . Inserting (71) and (72) .
